We review our recent formulation of Colombeau-type algebras as Hausdorff sequence spaces with ultranorms, defined by sequences of exponential weights. We extend previous results and give new perspectives related to echelon-type spaces, possible generalizations, asymptotic algebras, concepts of association, and applications thereof.
Introduction
Colombeau's new generalized functions are today the most widely used associative differential algebras containing the δ-distribution. Their topology is studied since the late 1990s [1] , and investigation in topological duals of such spaces is now emerging as an important topic of research in this field. We define such algebras right from the start as spaces with ultranorms [2, 3] , which is natural and especially useful for the practical use of the topology. Our construction allows for algebras containing ultradistributions and periodic hyperfunctions [4] . Without specializing to a concrete space, we deduce general results about completeness, embedding of duals and functoriality, and generalize known concepts of association. Our approach also shows better the close link with the classical theory of sequence spaces.
Basic construction
Consider a sequence r = (r n ) n ∈ (R + ) N decreasing to zero. For a semi-norm p on an R-or C-vector space E, this defines a map ||| · ||| Proof As lim r n = 0, we have lim k r n = 1 for any k > 0, thus (a). Writing p(λf n ) ≤ |λ|p(f n ) and p(f n + g n ) ≤ 2 max(p(f n ), p(g n )), we have (b), and using ∃C > 0 ∀x, y ∈ E:p(xy) ≤ Cp(x)p(y), we get (c) in the same way. Proof This is a direct consequence of Definition 2.2 and Lemma 2.1.
Example 2.4
For E = C and p = | · |, we obtain the ring of r-generalized complex numbers C r = G r (C, | · |). For r n = 1/ log n (n > 1), these are Colombeau's generalized numbers C, as lim sup |x n | 1/ log n < ∞ ⇔ ∃γ ∈ R: |x n | = o(n γ ) and lim |x n | 1/ log n = 0 ⇔ ∀γ ∈ R: |x n | = o(n γ ).
The choice r n = n −1/m (with m > 0) leads to ultracomplex numbers C 
Proof This is seen by observing that Lemma 2.1(c) also holds for f ∈ C N , and Lemma 2.1(b) implies that |||λf ||| does not go to zero when λ → 0.
Example 2.6 To obtain r-generalized Sobolev algebras
This generalizes to any normed algebra.
C , and thus
Proof If s n = c n r n with lim sup c n = C ∈ R * + , we have log|||f ||| p,s = lim sup(s n log p(f n )) = lim sup(c n r n log p(f n )) ≤ C lim sup(r n log p(f n )) = C log |||f ||| p,r , where we assumed lim log p(f n ) ≥ 0, i.e. |||f ||| ≥ 1. Otherwise, ≤ must be replaced by ≥, leading to the inverse inclusion for K. 
introduced in refs. [5, 6] and studied extensively by Maddox and his students [7, 8] . To see this, observe that ∃k ∈ N: sup |x n | k −1/r n < ∞ ⇔ ∃k: lim sup |x n | r n ≤ k ⇔ |||x||| r < ∞, and ∀k: lim |x n |k 1/r n = 0 ⇔ ∀ε > 0: |x n | = o(ε 1/r n ) ⇔ |||x||| r = 0. These spaces belong to the classes of echelon resp. co-echelon spaces. As we always require lim r n = 0, both are Montel and Schwartz spaces. Although the cited work on sequence spaces is restricted to (C, |·|), our studies concern more general spaces. However, most of the spaces considered in the sequel can be written as intersection and/or union of echelon and co-echelon-type spaces. This also allows the generalization of the present construction to any abstract topological module E, as will be discussed in a forthcoming publication.
Generalized locally convex spaces

DEFINITION 3.1 The r-extension of a locally convex space (E, P) is the factor space
G r (E, P) = F r (E, P)/K r (E, P) = p∈P F r (E, p) p∈P K r (E, p).
THEOREM 3.2 If (E, P) is a topological algebra, then F r (E, P) is a subalgebra of E N , K r (E, P) is an ideal of F r (E, P), and d p,r p∈P is a family of pseudodistances on G r (E, P),
making it a Hausdoff topological algebra over C r .
Proof Lemma 2.1(b) yields for f, g ∈ F r , λ ∈ C, and p ∈ P: |||λf + g||| p ≤ max(|||f ||| p , |||g||| p ), thus F r and K r are C-linear subspaces. Continuity of multiplication in (E, P) gives as in Lemma 2.1(c), ∀p ∈ P, ∃p ∈ P: |||f g||| p ≤ |||f |||p · |||g|||p. Thus, F r is a C-subalgebra of E N and K r an ideal of F r . The inequalities also imply continuity of addition and multiplication and thus F r is a topological F r (| · |)-algebra and G r (E, P) is again the associated Hausdorff space.
Example 3.3
The classical simplified Colombeau algebra [10] is obtained for r n = 1/ log n and
As a last generalization of the base space, consider a family of semi-normed alge-
← − E = proj lim µ→∞ proj lim ν→∞ E µ ν , and assume that for all µ ∈ N, the inductive limit is regular, i.e. a subset is bounded iff it is a bounded subset of (E µ ν )
N for some ν ∈ N. Now let
|||f ||| p µ ν ,r < ∞}, and the obvious definition for K r ( ← → E ), where we write ← → · for both − → · and ← − · . Then again,
is a topological algebra for the respective limit topology. 
Example 3.4 In ref. [4], we showed how to embed Gevery class ultradistributions in Colombeau algebras
, where
The same type of ultranorm can be used to characterize generalized functions f on the unit circle by means of their Fourier coefficients ( f k ) k ∈ C Z , for which we define |||(
Fourier coefficients of analytic functions f ∈ A(T), Schwartz distributions T ∈ E (T), and hyperfunctions H ∈ B(T) are characterized by
Cauchy's inequalities in λ then give |f n (k)| ≤ q λ (f n )λ −|k| and thus |f n (k)| r n ≤ Cλ −|k|r n for all k ∈ Z, whence |||f |||qλ ,r < ∞. Conversely, if f ∈ − → E N , |||f |||qλ ,r < ∞, we haveq λ (f n ) r n < C for some C > 0 and all n, i.e. |f n (k)| < C 1/r n λ −|k| for all k ∈ Z. Consequently, there is M > 0 such that q λ (f n ) ≤ MC 1/r n and thus |||f ||| q λ ,r < ∞. The proof for K goes the same way.
Convolution with mollifiers φ n = |k|≤1/r n z k allows us to embed hyperfunctions B(T) into G H,r (T), preserving the usual product of A 1 (T) [4] . 
For n > n µ+s , one has n ≥ nμ (n) and thus p 
, cannot be bounded in ← → E under very weak assumptions. From this, we deduce that the topology of any algebra containing δ and ← → E must induce the discrete topology on ← → E .
Families of scales and asymptotic algebras
We now generalize the growth conditions. Consider a family r = (r m ) m of sequences r m n n decreasing to zero as n → ∞. Suppose that either
and Theorem 2.7, it is easy to verify that in both cases F r ( ← → E ) is a subalgebra and K r ( ← → E ) is an ideal thereof. 
. The asymptotic algebra defined by a and a locally convex algebra (E, P) is the factor space
m ≤ e −q , and as q was arbitrary, we have |||f ||| p,r m = 0, thus f ∈ K r (E, P).
Finally assume ∀m:
. Now for any m, letm = m + 1 and C = 1/e. Then,
A second kind of 'asymptotic' algebras is of the form
where a = (a σ ) σ ∈R is a scale (i.e. ∀σ > ρ, a σ = o(a ρ ), etc.), indexed by a real number. As the subalgebra is here given as intersection and the ideal as union of sets, this case is not covered by the previous one.
Example 4.7 a σ (n) = e −nσ gives algebras with infra-exponential growth [1] of particular interest for embeddings of periodic hyperfunctions.
Functorial properties and association in r-generalized algebras
The r-extension of a map ϕ:
Example 5.2 Linear mappings ϕ of locally convex vector spaces (E, P) → (F, Q) are continuous iff ∀q ∈ Q ∃p ∈ P ∃c > 0 ∀x ∈ E: q(ϕ(x)) ≤ c p(x). Then, ∀f ∈ E N : |||ϕ(f )||| q,r ≤ |||f ||| p,r , whence (F 1 ) and (F 2 ), using linearity. These notions allow us to characterize maps that extend canonically to G r .
DEFINITION 5.4 A map ϕ: (E, P) → (F, Q) is continuously r-temperate iff: (a) there is an r-moderate function g such that
and (b) there is an r-moderate function g and an r-compatible function h such that In several situations, e.g. when solving PDE, strong equality is impossible to obtain or not needed and approximation expressed by association is sufficient. Proof This follows from |||x||| r < e −s ⇒ x ∈ N (s) ⇒ |||x||| r < e −s for s < s, whereas a counter-example for s = s can be built as in Remark 5.7.
In a forthcoming paper, we explain in detail how these concepts of association are useful in the context of regularity theory and microlocal analysis.
